SPECTRAL CRITERIA FOR SOLUTIONS OF EVOLUTION 
EQUATIONS AND COMMENTS ON REDUCED SPECTRA 



BoLis Basit and Hans Gunzler 

Abstract. We revisit the notion of reduced spectra spyr[rp) for bounded measurable 
functions (j> G L°°(J, X), C Lj^^{J,lC). We show that it can not be obtained via 
Carleman spectra unless ip S BUC{J,'K) and C BUC{J,'K). In section 3, we give 
two examples which seem to be of independent interest for spectral theory. In section 
4, we prove a spectral criteria for bounded mild solutions of evolution equation (*) 
= Au(t) + u{0) = a; G X, t S J, where A is a closed linear operator on X 
and e L°°(J,X) where J € {M+.R}. 

As the author reahzed in his "Added to the proofs" in [15, p. 1272], many 
of his results are erroneous without additional assumptions. Since his additional 
assumption (2.1) (below) is far too restrictive and he does not point out what 
statements are affected and how they should be modified, this "Added to the proofs" 
is not really helpful. However, in his corrigendum [16] submitted to JDE, the author 
stated clearly that all his claims in [15] on the non-uniformly continuity are omitted 
and the uniform continuity of all functions in [15] is assumed. 

In this note we show that there is a misconception in [15] which we believe 
resulted from some other hidden misconceptions in previous works. We hope that 
this note will help to understand better the concept of reduced spectra. In section 
2, we give some comments (A)-(D) showing that the main classes of almost periodic 
and asymptotically almost periodic functions do not satisfy (2.1). In section 3 we 
give two Examples supporting our arguments in the comments. Example 3.1 was 
first used by Levitan [17, pp. 144, 212-213]. Here we give a new treatment of 
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example 3.1 to show that ^ is a Bochner almost automorphic function without 
using the result of Levitan [17, p. 144] that is a Levitan almost periodic function. 
Example 3.2 is very important because it shows in particular that there is ^/j G AP 
with derivative tjj' continuous and bounded but tp' is not even recurrent or Poisson 
stable (see the definitions (3.1), (3.2) in §3). This seems to be a missing example 
in the literature. In section 4, we prove a spectral criteria for the bounded mild 
solutions of the inhomogeneous abstract Cauchy problem 
(*) iM^ = Au{t) + 4>{t), u{0) = xGX,tGJ, 

where A is a closed linear operator on X and (j) G i°°(J, X), J e {M+,IR}. 
This criteria is useful particularly in the case when (j) is not necessary uniformly 
continuous but u is uniformly continuous. 

§1. Notation, Definitions and Preliminaries 

In the following J, J e {M+, M}, where R+ = [0, oo). No = NU{0}, X is a complex 
Banach space, L{X) is the Banach space of linear bounded operators B : X — >^ X; 
the elements of all the other spaces (c X'^, not Y of §2 (B),(C)) considered are 
functions (/) : J — ^ X (not equivalence classes), the =, +, scalar multiplication 
are pointwise on J (not a.e.), correspondingly L°°(J, X) has the norm \\^\\oo '■= 
sup {||/(t)|| : t G J} (not essential supremum), BC{J,X) is the Banach space of 
X- valued boimded continuous functions on J, BUC{J,lCj is the Banach space of 
X-valued bounded uniformly continuous functions on J, AP{X) := AP{R, X) is the 
Banach space of X-valued almost periodic functions on K, BAA{X) (respectively 
VAA{X)) is the Banach space of X-valued Bochner (respectively Veech) almost 
automorphic functions on M. [12, Definition 2], [19, Definition 1.2.1, p. 722], [7, p. 
430], Co( J, X) is the Banach space of X-valued continuous functions on J vanishing 
at infinity, all with sup- norm ]| • |]oo- The Schwartz space of rapidly decreasing C°° 
functions on M will be denoted by <S(M). The Fourier transform of / e L^{R, C) will 
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be denoted by /(A) = e~*'^*/(t) dt, jx respectively g will denote the functions 
jx{t) = e*^* respectively Q{t) = e'*\ t,XeR. 

For the convenience of the reader we collect some further definitions, assumptions 
and needed earlier results, for cX'^ . 

Invariant : e if </> € J^, a € M with translate (pa{t) ■= 4>{t + a). 

Positive-invariant: translate 4>a T li 4> €: T and < a < oo. 

BUG - invariant : (p e BUC{R, X) and (f)\ J e T imply 0a| J e J" for all a e M. 

Uniformly closed : <j)n & J^, n & N, and (j)n (j) uniformly on J implies 4> £ J^. 

(1.1) MJ^iJ, X) = {V e X) : M^v e JT, /i > 0}, 
A^*jr(j,x) = {V e Ll^{J,X) : (M,,*)| J e JT, ^ /i e M}, 

where "Jf := i/; on J, ^ = on M \ J, 

(1.2) Afft*(t) {1/h) /q' *(t + s) ds, O^heR, Mhip = J,h>0. 

(1.3) (A) : e L;i„^( J, X), Ahcj) e J" for /i > implies (/> - Mfe^ e J" for fc > 0. 

(1.4) 7" linear c Lj^^{J,X), 7" uniformly closed, J" Bf/C-invariant ([9, (3.1)]). 

(1.5) (i) ^x<t> e J- for each jx{t) = e'^\ 4>&T ([3, (/a), P- 60 ]), 

(ii) T contains all constant functions ([3, (^3), p. 60]), 

(iii) B o ,/) e J- for each B e L(X), ^ e J" ([3, (^5), P- 60]). 

The spectrum of an e L°°{J,X) with respect to a class C Lj^^{J,X) with 
J C J is defined by ([2, Definition 4.1.2, p. 20], [4, p.ll8], [9, Definition 3.1], [13, 
Definition 3], / = Fourier transform) 

(1.6) spj^{(j)) := spjr($) = {A e R : / e Li(R, C), $ * /I J G J" implies 

/(A)=0}. 

Here $ = on J, $ = on M \ J. spj7{(f>) is always closed in M. For J = R ^ J 
the spj^icj)) of (1.6) coincides with the definitions in [2], [4], [9], [13] by (1.7). 

(1.7) If J" C Llc{J,X) satisfies (1.4) and e L°°(J,X), then 
spj^{(f)) = spj^{i>) for any ip € L°°(IR,X) with ip = (p on J. 

([4, Lemma 1.1 (C)]). 
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(1.8) If J" C Lj^^iJ,^) satisfies (1.4), cj) e L°°{J,X), f e Li(M,C) and $ is 
defined as in (1.6), then sp^($ * /) C spjr(^)n supp /. 

([4, Corollary 2.3 (C)]]). 

(1.9) If J" C BUC{J,X) satisfies (1.4), then J- c MJ" 
([6, Proposition 2.2]). 

(1.10) If J" c LU J,X) satisfies (A) and rT <Z T for real r > 0, then 

where J"'(J,X) = : V = </)'a.e. with (/) e J"(J,X) n l^/;^^(J,X)}. 
([8, Proposition 1.1, p. 38]). 

(1.11) If F is convex uniformly closed C BUC{J,X), then F satisfies (A). 
([6, p. 1012, Proposition 3.1], [7, Theorem 2.4, p. 428]). 

(1.12) (A) for linear positive invariant F implies F C A4F. 

(1.13) If J" e {AP(X), VAA{X), Co( J, X)}, then F satisfies F C MP and (A). 
Sec (1.11), (1.12), [7, Proposition 3.5 (ii), p. 431]. 

(1.14) Let be a positive-invariant closed linear subspace C i?C(J, X). li (f> G F 
and (j)' is uniformly continuous, then (/>' e F. 

([2, Proposition 1.4.1], [6, Proposition 2.9]). 

(1.15) Let A : D{A) — >■ X be a closed linear operator with linear domain D{A) c 
X. Let / C M be an interval (bounded or unbounded) and let ft. : / — )• X be a 
Bochner integrable function with h{t) £ D{A) for each t £ I. Suppose that Aohis 
Bochner integrable. Then Jj h{s) ds G D{A) and A Jj h{s) ds = Jj Ah{s) ds. 

[1, Proposition 1.1.7, p. 11]. 

Proposition 1.1. For any FcX^, L°°{J,X), if cj) & MT then spj^{(l)) = 0. 

Proof. For any A € R, define h = tt/\X\ if A 7^ 0, else h — 1; then the step function 
/ = (l//i)x(-ft,o) € L^(IR,M) and with $ := outside J,$ = </> on J, one has 
/ * $1 J = Mhcp e F , with /(A) ^ 0, so A ^ spj^{^). It follows spj^{^) = and so 
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spA<t>) = by (1.6). □ 

Corollary 1.2. // </> G J" c MJ" and ^ G L°°(J,X), then spj^icj)) = 0. This is 
false without T C M.T by (/) = q and F = Q - ^P(M, C) . 

Proposition 1.3. Let <j) & L°°{J,X) and let $ be defined as in (1-6). Let T C 
Lj^^{J,X) satisfy (14) and Aq G spj7{(p). 

(i) There is ho > such that Aq G spj^{MhQ^). 

(ii) For any f G L^{R, C) with /(Aq) ^ 0, one /las Aq G * /). 

Proo/. (i) With (1.7), this is a special case of [9,(3.11), (4.1)]. 

(ii) Assuming Aq spj^{<^ * /), there is /i G L^(K, C) with h{Xo) ^ and 
$ * (/ * /i)| J = ($ * /) * h\J G 7", with (/ * /i)(Ao) 7^ 0; this implies Aq ^ spj^{(j>), 
against the assumption. □ 

In the following we identify {I, C) respectively T C (/, X) with the sub- 
space {/ G L^{R,C) : f{t) = 0,t G M \ /} respectively {</> G L°°(M,X) : 0| / G 
J",0 = 0,t G . Here / G {R,]R+,M_}, M_ = (-oo,0]. 

Proposition 1.4. Lei T be a linear uniformly closed subset ofL°°{J,X). Then in 

(a), (b) the conditions (i), (ii) are equivalent. 

(a) (i)TcMT, (ii) F*L^{R_,C)\J dT. 

(b) (i) CM*T, (ii) T*L\R,C)\J CT. 

(c) If T satisfies even (1-4)! then (a)(i) is also equivalent with (b)(ii). 

Proof (a) {i) => {ii): With $ = on J, $ = on M \ J, we have 

(1.16) Mh(l> = (l//i)($*X(-M))l J' where X(a,6) := 1 on (a, 6), := on IR\ J. 
As Mh(j) = * Sh)\ J G J^, (j) e J^, h > 0, Sh = {'i-/h)x(-h,o), it follows $*^| J G J" 
for all step functions ^ on IR._ ; since these are dense in (1R._ , C) and is uniformly 
closed, (ii) follows. 

{ii) {i) follows by (1.16) and Sh G Li(M_,C) for each h>0. 
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(b) The proof is similar to part (a). 

(c) By (a)(i), (1-16) and the property that T is BJ/C-invariant, one has 
{Mh<i))t\ J = s/.)t| J = * {sh)t\ J eT,(t)eT,h>0,t€R 

and so (/) * J e for all step functions ( on M; since these are dense in L^(]R, C) 
and T is uniformly closed, (b)(ii) follows. 
(6)(m) =^ {a){i) follows by (1.16). □ 

Proposition 1.5. Let T he a linear uniformly closed subset of L°°{J,X). 

(a) T C M.T implies BUC{J,X) is positive invariant. 

(b) T C M*T implies J^Ci BUC{J,X} is BUC -invariant. 

(c) If{T*E)\ J CT for some dense subset E c Li(M,C) implies Tn BUC {J, X) 
is BUC -invariant. 

Proof Let (j) G L~(J,X). Then 

(1.17) Mh+k<t> = T^Mhck + j^{Mkcj>)h, h + kj^O,hy^O,kj^O. 
(a) h+k > and h>0, then Mh+k(t>, Mhcj) e F since F C MF. It follows 

{Mk(l))h e J", fc + /i > 0, /i > by linearity of and (1.17). As limfe_>o M^cjih = <f>h 
uniformly on J, G {J" H BUC{J,X)), we get e {J^r\BUC{J,X)) for each h>0 
and (j) G (J"n Bf/C(J,X)). This gives (a). 

(b) This follows as in (a) from (1.17), ^ /i G M fixed, k ^ 0. 

(c) The assumptions imply * L^(K, C)| J C So, (c) follows by Proposition 
1.4 (b) and part (b). □ 

An "inverse" of Proposition 1.5 is false, T C M.T does not imply 
B?7C-invariance: 

Example 1.6. = qAP{R,X) is linear, uniformly closed, invariant, C BC{M.,X), 
but T <t M.T Cfl G A4Co(M,C), {qAP) n Co(R,C) = {0};. See also Example 4.4 
(n). 
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Example 1.7. T := G Co{R,M.) : (p = on R+} is linear , uniformly closed, 
positive invariant, C Bf7C(M, M), with T C M.T , but T is not invariant. 
Here T (f. , 7W« J" strictly c MJ^. 

§2. Explicit comments 

In the following we give some comments which had been written before the 
author kindly informed us about his corrigendum [16]. So, the comments (A), 
(B), (D) are concerned with the now to be omitted false results about the cases of 
non-uniformly continuous functions. 

(A) The induced operator V of [15, Definition 2.6, respectively p. 1263 for J = 
M+] is well defined for a class J" C BC{J,X) satisfying Condition F or Condition 
F+ of [15, Definitions 2.3, 3.1] if and only if 

(2.1) V{D{V))nJ^) := {f -.f G Ci(J,X) n J",/' bounded} C J". 
This is possible if = {0} or = BC{J, X). We are not aware of other interesting 
classes satisfying Condition F or and (2.1): 

(B) If J" e {BUC{R,C),AP{R,C),BAA{]9L,C)} respectively J" = Co(J,C), then 
satisfies [15, Definition 2.3] respectively [15, Definition 3.1], but does not satisfy 

(2.1) and so the operator V is not well defined by part (A): 

Indeed, if J" e {BUC{m,C),AP{R,C),BAA{m,C)}, Y = SC(M,C)/J", $(t) = 
/p tp{s) ds with V of Example 3.2 below, then $ e JTl D{V) but ^' = ip bounded 

If J" = Co( J, C), Y = BC{J, C)/J", ^{t) = Q{t + s) ds, then (p e J^nD{V) but 
(f)' is bounded with <j)'{\/2Tvn) 7^ as n — )• oo. Here Q{t) = e'*^. 

If J- ^ {0} satisfies Condition F of [15], then AP(R,X) c J" and if T satisfies 
Condition then Co(J, X) C So, either does not satisfy (2.1) or one can 
show that 

(2.2) {MAP n BC(M, X)) c 7" respectively {MCo{J, X) n BC{J, X)) c 7". 
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Indeed, by the statements (1.13), (1.11), (1.10), we have MT = T + T' for T = AP 
or Co, implying (2.2). 

Since T) is not well defined for the known classes of interest, Definition 2.8 of 
[15] makes no sense \i T {0}. So with the approach of [15] the reduced spectra 
spj^i^), spj,{(j)) of [15, Definitions 2.8, 3.3] are not defined. Therefore the inclusions 
[15, (4.3), (4.9)] have no meaning. However, see Theorem 4.3 below. 

(C) If J" C BUC{J,X) satisfies (1.4), Y = BUC{J,X)/F and D{V) = {(,/• e 
BUC{J,T) : tp' e BUC{J,X)}, then the induced operator V is well defined by 
(1.14). In this case [15, Definitions 2.8, 3.3] for e BUC{R,X) give the Carleman 
spectrum of the class ^ = the Beurling spectrum (see [9, (3.3)]), coinciding with 
the usual spj^{(j)) defined in (1.5) by a result of Chill and Fasangova (see [13], [9, 
Theorem 3.10]) and [1, Proposition 4.8.4, p. 321]. 

With Examples 3.1, 3.2, the assumptions (1.4) are optimal and not " very strict" 
as the author claimed in [15, p. 1252, 1263], BUC{J,X), BC{J,X) satisfy (1.5). 
Contrary to the footnotes 1), 3) of [15, p. 1250, 1263], spj^{(p) = is admissi- 
ble in [9]. In [16] the author realized that his approach works only for classes 
J" C BUC{J,X) satisfying Condition F or F+. By Proposition 1.4 (c) and [11, 
Proposition 2.1], it follows that if T satisfies Condition F or Condition F+, then 

is BC/C-invariant. This means that if T satisfies Condition F, then T satisfies 
(1.4) and (1.5) and if J" satisfies Condition F+, then J" satisfies (1.4), (1.5)(i), (iii). 

In (D) we mean results of [15] but we use spj^{(j)) as defined in (1.6), (1.7). 

(D) Corollary 2.20 as stated is not correct, already for T = AP{M.,C): This 
satisfies Condition F of [15, Definition 2.3], but by Examples 3.1, 3.2 below 

there exists V e BC(M,C) with spAp{ip) = 9, but V ^ AP(R,C). Theorem 2.25, 
Corollaries 2.27 and 2.29 are not correct for spAP also by Example 3.1 below ; for 
spjr with = {0} this is open. Corollary 2.31 is not correct by Example 3.2 below. 
Theorem 3.6, Corollaries 3.8, 3.9 are not true: If ^ = q{- +s)dsG Co(K+, C) 
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(see part (B)), then 0' = (0(-+l)-0) e BC{R+, C) and spcoi(f>') = by Proposition 
1.1 but (j)' ^ Co(M+,C). 



§3. Two examples 

Here follow the two examples used to refute many of the results of [15]. Here we 
give a direct proof for example 3.1. Example 3.2 is instructive for various conclusions 
concerning wide classes of almost periodicity (for example almost periodic (ap), 
almost automorphic (aa), Levitan almost periodic (L-ap), recurrent and Poisson 
stable functions). For the benefit of the reader wc give the relevant definitions. 

(3.1) By a recurrent function we mean e REC{R,X) := {(j) € C{R,X) : 
E{(j), l/n,n) relatively dense in M for each n e N}, with 

E{^,e,n):={TGR:\\^{t + T)-^{t)\\<s for all \t\<n}. 
E{(j), l/n,n) is relatively dense means there is a compact set C R such that 
K + E{4>, 1/n, n)=R (sec [18, Definition 2, p. 80], [7, p. 427]). 

(3.2) An (j) e C{R, X) is Poisson stable if it has at least one sequence {tm) C M 
with tm ^ oo such that ij^t^ (p locally uniformly in R (see [18, Definition 1, p. 
80]). 

Example 3.1. The function = sin i e BC{R, R) with p{t) = 2 + cost + cos \/2t 
is Stepanoff almost periodic S^-AP c A4AP and spAp{(p) = but (j) AP = 
AP(K,C). See [4, p. 119, (1.5), p. 118 above (1.2), (3.5), (3.8)] for the defini- 
tions. This (p is also Bochner almost automorphic (B-aa) [12] and so Veech almost 
automorphic (V-aa) [19] and L-ap [7, p. 430, (3.3)] (see also [4, p. 119] and 
references therein). 

Proof. First we show that 6 G S^-AP. Set d)n(t) := sin- -, ^ — r-^ ts^- 

•' ^ vrtv / 2+ max {cos «,-l + i}+cos\/2t 

Then (/)„ G AP for each n G N and (pnit) — 4>{t) if max {cos — 1 + ^} = cos t. 
It follows \4'n{t + s) — (j){t + s)\ ds < 2/x(£^), where /x is the Lebesgue measure 
on R and £■* = {r e [i,i + 27r] : max {cos r, -1 + i} = -1 + i, r > 1}. Then 
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IJ,{Ef^) = = fi{[Tr - TT + Sn]) with cos(5„ = 1 - 1/n, t eM., with ^„ ^ as 

n ^ oo. It follows lim„_>oo Jq \(t>nit + s) — <j){t + s)\ ds = uniformly in t e M and 
implies (j) € S^-AP ( sec [4, p. 132]). So M,,0(-) (l/h) + s) ds e AP for 

each /i > by [4, (3.8)]. By Proposition 1.1, one gets spAp{(l>) = 0- 

Now, we show that (p is not uniformly continuous. Indeed, since range of p is 
R{p) = (0,4], for each n e N, by Kronecker's approximation theorem [14, p. 436, 
(d)] and continuity, there is i„ > such that p{tn) = Choose t'^ nearest point 
to tn with p{t'^) = We have |t„ — < /^(-E^^_ i j^) — >■ as n — >■ oo. Since 

lipit'n) — (f>{tn)\ = 1, we get is not uniformly continuous. It follows (p AP. 

Finally, we show that <p is B-aa. Indeed, since (cos t, cos V2t) is almost periodic, 
for {tn') C K there are a, /3 e M and a subsequence (t„) such that 

(3.3) cos(t + tn) -)■ cos{t + a), cos(V2(t + tn)) -)■ cos{V2{t + /?)), 

Pit + tn) (2 + cos(i + a) + cos(\/2(i + /3))) =: q{t), uniformly in t e M. 
Since q is entire, C := {s G M. : q{s) = 0} is at most countable. So, there is a 
(diagonal) subsequence (s„) and : M ^ [—1, 1] with (j){t + Sn) — sin p^^^^g ^ — >■ tpit) 
pointwise for each t G R. Now, (3.3) implies q{t — s„) — >■ p{t), p{t + Sm — ««) — ^ 
q{t — Sn) and then p{t + Sm — Sn) p{t) as (n, m) ^ oo for each t gR. This yields 
^{t + Sm — Sn) ^{t) as (n, m) — )• oo pointwise in f e M; m — >■ oo and the definition 
of ip give therefore tpit — Sn) 4'{t). By definition 2 of [12], </> is B-aa. 

See also [17, pp. 212-213] for another proof that e S^-AP but ^ AP; and 
[7, Example 3.3] that (j) ia B-aa. □ 

Example 3.2. There is ip Cz -BC(]R, M) which is not ap or B-aa or V-aa or recurrent 
or uniformly continuous (not even Poisson stable (see (3.1), (3.2) respectively Ex- 
ample 3.1), also Ai^(-) := ■^(•-|-1) — '0(-) and so tp are not Stepanoff -almost peri- 
odic), but Ptpit) ■= Jq il>{s) ds is almost periodic and so spAp{'4') = spBAA{tp) = 0- 

Proof. Take = X^^i hn, hn periodic with period 2"+^, 
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hn{t) = 0, i e [-2", 2" - 1], hn{t) = sin(2"7rt), i e [2" - 1, 2"] =: /„. 
One has supp hn = In+ 2"+^Z and for each m, supp /i„ PI supp hm = 9' The 
right endpoints of the translations of /„ are all even, and if n = m + fc, fc G No, 
2" + 2"+iu = 2"* + 2™+!?; implies 2*^(1 + 2u) = (1 + 2v) and then k = 0,u = v. It 
follows V e BC(R, M) and with I = [-2, 0] for each r > 2, r e N 

(3.4) sup te7|V'(* + r)- V'WI = sup te/|V'(i + t)| > sup teAKit + r)|. 
Since hn{t)dt = 0, P/i„ is periodic with period 2"+^ and ||P/i„||oo < 2~". It 
follows PV' e AP(R,]R). This implies M/.V' G ^P for ft > 0, and so sj^baaCV') C 
spAp(V') = by Prop. 1.1. 

With 5 = 2"" one has 

/^^ |AiV'(t+(5)-Ai^(t)|dt > \ilj{t+5)-i!{t)\dt~j^^ \ilj(t+l+5)-il}{t+l)\dt = 
Jj^ \hnit + S)- K{t)\dt - \i!(t + 1 + d)\dt > 2/77 - 2-" , > 0.1 for all neN. 
It follows Alt/) and so are not uniformly continuous even in the S'^'-norm (see [4, 
p. 132] for the definition). Hence tp, Aiip are not almost periodic and not S^-almost 
periodic. 

Since to each even n G N there exist unique meN, fceNo = NU {0} such that 
n = (1 + 2fc)2'", we get 

(3.5) n = 2™ + fc2™+i. 

We show that for each r > 2 there is r e N with sup teller {t + t)\ = 1. Indeed, 
let T e 2N + 2/ for some y e [0, 2]. Then by (3.5), since 2n + ty = 2(n + 1) + y' with 

y' = y-2 

r = 2"* + fc2'"+i + y for unique m e N, A; e No and y e [0, |] or 
r = 2™' + A;'2™'+i + y' for unique m' e N, fc' e No and y' e [-|,0]. 

With t = -y- 2-™-i respectively t = -y' - 2 + 2-™'"! we get 
sup t^i\h„,{t + 2" + ^2"+! + ?y)| = 1 for each y e [0, |], 
sup tei\hm'{t + /e'2'"'+i + 2™' + y')l = 1 for each y' e [-i, 0]. 

By (3.4), it follows sup te/|V'(* + ''') > 1 for all r > 2. Since B-aa and V-aa 
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functions are always recurrent, we conclude V is not B-aa or V-aa or recurrent or 
Poisson stable by the definitions (3.1), (3.2). □ 



§4. Reduced spectrum of solutions of evolution equations 

In this section we study the reduced spectrum with respect to a class T C 
Lj^^{J, X) of bounded solutions of evolution equations 

(4.1) ^=Au{t)+<j){t),u{0)=xeX,teJ, 

where A is a closed linear operator on X and <j) £ L°°{J,X). 
The half-line (Laplace) spectrum denoted by spl{iI>) for tp e L°°(M+,X) is intro- 
duced in [1, p. 275]. If J" C L}^^{R+, {X)) satisfies (1.4), then spj^iil:) C sp^it/j) C 
splO^), by [9, (3.12), (3.14)]. Here spw{tjj) is the weak half-line (Laplace) spectrum 
[1, Definition 4.9.1, p. 324]. The reduced spectrum and the half-line spectrum of 
solutions of (4.1) when u,(j) G BUC{J,X) have been investigated by many authors 
see for example [3], [1, sections 4, 5] and lists of references there. In this section we 
prove inclusions (4.5), (4.6) for (4.1) which are known for the half-line spectrum of 
solutions of (4.1) in the case u,4> £ BUC{R^,X), see [1, Proposition 5.6.7 b), p. 
380]. 

Definition 4.1 (see [1, p. 120, 121, 380]). A function u e C(J,X) is called a 
mild solution of (4-1) if jlu{s)d8 € D{A), x G X and u{t) — x = A J^u{s)ds + 
Jq (^(s) ds, t G J. 

Proposition 4.2. Let u € i3C(M,X) he a mild solution of (4-1), J = K, with 
4> e L°°(M,X). Ifge S{R), n G No, then 

V = u * {g^'^^) = {u * gY"'^ is a classical and so a mild solution of 

(4.2) ^ = Avit)+(l)*g^''\t), w(0) (0), tGR. 

Moreover, if F C L]^^{J,X) satisfies (1-4), (1-5) and supp gd spj:{(j)) = 0, then 

(4.3) i spj:{v) C (7(A) n i M. 
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Proof. We have P{u*g){T) = {{Pu) * S')(t) = Jj^{Jq u{t — s) dt)g{s) ds, by Fubini's 
Theorem [1, Theorem 1.1.9, p. 12]. Since D{A) is Unear, Definition 4.1 gives 
g{s) u{t-s) dt e D{A) for each r, s € R. Since A u{t — s) dt is with Definition 
4.1 s-continuous and 0(|s|), one gets {A Jq u{t — s)dt)g{s) is Bochner integrable 
on R for each r e M. By (1.15), it follows 

(4.4) AP{u * g){T) = {{APu) * g){T) - {{APu) * 5)(0). 

This and Definition 4.1 for u proves that v = u * g is a mild solution of (4.2) for 
the case n = 0. Since g £ v = u*g, (p*g are infinitely differentiable, 

with {u* g)' = u* {g'). It follows that w is a classical solution by an extension of 
[1, Proposition 3.1.15, p. 120] to M. This means v * g{t) e D{A), t e M. Since 
g(n) g for each n G No, (4.2) follows. 

If supp g n spj^{4>) = 0, then spj^{(l) * 5) = 0, by (1.8). Since </> * 5 G BUC{R, X), 
we conclude 4> * g\J G T hy [4, Corollary 2.3(A)]. By the above, we have v = 
u*g€ BUC{R,X) is a classical solution of (4.2) satisfying v{0),v'{0) G D{A). The 
assumptions imply that JTl BUCCR^jX) is a A-class satisfying [3, (Zi)-(Z5)]. The 
inclusion (4.3) follows by [3, Theorem 3.3 (valid also for A only closed)]. □ 

Theorem 4.3. Let J" C Ll^{J,X) satisfy (I4), (1.5) and let ^ G L°°{J,X). If 

u G BC{J,"K) is a mild solution of (4--i), then 

(4.5) ispj.{u) C {{a{A)r\iR)[Jispj.{<l))). 
If moreover (j) G M.T, then 

(4.6) i spjr(w) C cr(A) niM. 

Proof. First we prove the case J = R. Let u G BC{R,X) be a mild solution of 
equation (4.1). Let p{A) he the resolvent set of A and let iXo G U = {p{A) n iR) fl 
{iM. \ ispjr[(f))). Since U is an open set, there is 1 > 5 > and / G S{R) such that 
i{XQ — 5, Ao+5) C U and supp / C (Aq — (5, Ao+(J). It follows supp fC\spj^{(j)) = 0. By 
(4.3) and (1.8), we have ispj^{u* f) C a{A)r\iR, ispj^{u* f) C i{Xo - S, Xo + S). As 
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i{Xo -S,Xo + 6)n {a{A)niR) = 0, we get ispj^{u* f) = 0. Since u*f e BUC{R, X), 
we conclude J e J" by [4, Corollary 2.3 (A)], and so iXo ^ spj^{u). This proves 

(4.5) . li 4> e MT, then spjr{4>) = by Proposition 1.1. This and (4.5) give (4.6). 
The case J = R+. Let u G i?C(M+,X) be a mild solution of equation (4.1) 

and let k,h > 0. With [1, Proposition 3.1.15 p. 120] for M^u, one can show that 
Vk,h = MkMhU is a classical solution of 

(4.7) ^ = Av{t) + MkMhct>{t), v{0) = MkMhv{0), t € M+ with 

(4.8) v'.^^iO) e DiA). 

Moreover, Vk,h,i'k,h = MkM^cj) e BUC{R+,X). Let Vu,h,-^k,h e BUC{R,X) be 
C^-extensions oi Vk,hii^k,h satisfying 

^ = AV{t) + ^{t), Vk,h{<^) = MkMhv{0), t e m. 
This is possible by [3, Lemma 3.2 (i)] and (4.8). Applying the case J = K, we get 

(4.9) i sp^{Vk,h) C {{a{A) n i M) U isp^{^k,h))- 

Using (1.6), [9, Lemma 4.2, (4.1), (3.11)] by (1.8) and (4.9), with $ as defined in 

(1.6) we conclude 

ispj^{u) = Uk>o,h>oi spj^{MkMhu) = Uk>o,h>oi spj^{Vk,h) C 
Uk>o,h>oi{<JiA) n iR) U ispjr{^h^k)) = (criA) n iR)U 

(Ufe>o,^>o(i spj.{Mh,Mk<^)) = {a{A) n «) U i spj.{<P) = {a{A) n «) U i sp^((/)). 
This proves (4.5). Finally, (4.6) follows from (4.5) by the same argument as in the 
case J = M. □ 

In the following example we consider the case X = C and A : C — >■ C defined by 
Ac = ic. We have a{A) = {i}. Example 4.4 (ii) shows that the condition (f) e A4J^ 
in Theorem 4.3 (ii) can not be replaced hy (p G Also, it supports the suspicion 
that (4.5) might be trivial without the condition C MJ^. Example 4.4 (ii) shows 
also that (1.4), (1.5) do not imply J" C MJ^. Example 4.4 (iii), (iv) show that (4.6) 
can be valid though the conditions (1.5) (i), (ii) are not satisfied. One can optimize 
conditions (1.5) (i), (ii) using [9, Theorem 4.3]. 
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Example 4.4. All solutions of the equation y'{t) = iy{t) + g{t) are given by 
y{t) = e'*(c + Jo e-'«0(s) ds) =: 7i(t)(c + where c e C. 

(i) If ~ Q ■ AP(M,C), then spjr^g) ~ R and so (4-5) is trivially satisfied. 

(a) If T = Q- AP(IR,C) © AP{R,C), then T satisfies (1.4), (1.5) hut spo{q) = 
spj^iy) = K and so (4-6) is not satisfied. 

(Hi) IfT = (fl • ^P(M+, C)) e (Co(M+, C) e (71 • C)), then T C MT, spjf (g) = 
and spj^{y) = 0, c e C. 

(iv) IfT=iQ- AP{R,C)) © (71 • C(M,C)), then spj^ig) = spriv) = 0, c € C. 

Here C(1,C) = {(/>€ BUC{R,C) : limt^oo ^(i),limt^_<x, (t>{t) exist}. 

Proof (i) we have g e J" = g • AP but spj^{q) = spj7nBUC(R,c){9) = spoid) = 
suppfl = M (see [4, (1.3)], [9, (3.3)], [10, Example 2.2]). It follows (4.5) is trivially 
satisfied. 

(ii) T satisfies (1.4), (1.5), but we omit the proof that T is uniformly closed. We 
have e J" but spj^{q) = spjrnB!7C(M,c)(0) = spApid) = K since fl * / e AP{R, C) 
implies 0* / € AP{R,C) n Co(M,C) = {0}, / € L^{R,C), and spn{g) =R. 

Now we show that spj^{y) = R. We have spj^(y) = spj=-nB;7C(RX)(j/) = spAp{y) 
and spAp(7iyi) C spApiy) U spAp(-c7i) [2, Theorem 4.1.4]. As spap(-c7i) = 
spAp(7i) = ([2, Theorem 4.1.4]), spAp(7iyi) = ^ + spAp{yi) ([2, Theorem 4.1.4]), 
spAp(w') C spApiu) {u e BC/C(K,C), u' e BC(]R,C)), and spAp(y'i) = -1 + 
spap{q), spap{q) = R shown already, it follows spjr^y) = M. 

(iii) We have y, q\ IR+ S and T satisfies T C M.T. So, sp.7:-(0) = sj3.7^(0) = 
by Corollary 1.2. 

(iv) We have Q,y G and J" C MJ^. The result follows by Corollary 1.2. □ 
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